We consider the method of entanglement witness operator to verify genuine multipartite entanglement for single-particle W states involving N parties. In particular, linear optical schemes using photo detectors and beam splitters are proposed to implement two different types of witness operator in experiment. The first scheme that requires only a single measurement setting is shown to detect genuine multipartite entanglement for the overall efficiency beyond 1 − 1/N . On the other hand, the second scheme with N +1 measurement settings achieves success at a significantly lowered efficiency than 1 − 1/N .
I. INTRODUCTION
Entanglement, an element of central importance in quantum information processing, is still far from our complete understanding despite a great number of efforts for the past decades. Earlier works on bipartite entanglement [1] have been naturally extended to multipartite systems, and the multipartite entanglement has been identified as a resource to implement quantum information processing to larger extent, such as error correction [2] , secret sharing [3] , and one-way quantum computing [4] , to name a few. Nevertheless, multipartite entanglement has been far less understood, and its generation/verification in experiment seems more demanding than the bipartite ones [5] .
One of the important issues regarding many-body quantum systems is to verify genuine multipartite entanglement among parties in one way or another. Genuine multipartite entanglement is distinguished from other types of entanglement by the participation of all parties in quantum correlations, and it is particularly distinct from biseparable entanglement: Consider an Nparty quantum system represented by the state of form |Ψ ⊗|Φ , where |Ψ belongs to the Hilbert space H ⊗m (m parties) and |Φ to H ⊗N −m (N − m parties). Although this system can show quantum correlations to some degree among m parties and N − m parties, respectively, it is far from true N -party entanglement. In general, a mixed state ρ is called biseparable if it is a mixture of pure biseparable states, with different bipartitions allowed among component systems. Otherwise, the state is genuinely multipartite entangled. One example of biseparable states is the tripartite system represented in the number-state basis as ρ 123 = 1 3 |B B| 12 ⊗ |0 0| 3 + 1 3 |B B| 23 ⊗ |0 0| 1
where |B is the Bell state of two parties and |0 the vacuum state of the third [6] .
Given an N -body system, it is an important, but nontrivial, task to determine whether the system possesses genuine multipartite entanglement. One possible approach to this problem is to set up the entanglement witness operator W [7, 8, 9, 10, 11] in such a way that the ensemble average tr{ρW} becomes positive or zero for all biseparable states [12] . If it takes a negative value, it thus becomes a clear signature of genuine multipartite entanglement. In this paper, we consider the detection of genuine multipartite entanglement for single-particle W states based on the entanglement witness [13] . Particularly, we are interested in the implementation of the idea in an optical experiment involving beam splitters and photo detectors. Note that the same problem was previously investigated, but in a limited context [14] . Specifically, Nha and Kim showed that the pairwise entanglement between arbitrarily chosen two modes can be detected regardless of the photo detector efficiency [14] using the entanglement conditions derived for continuous variables [15, 16, 17, 18] . Of course, it may indicate the multipartite entanglement structure of the W states to some extent [19] , however, it is not a rigorous proof of genuine multipartite entanglement [6] . A counter-example is the biseparable state in Eq. (1), for which any two modes, when the third mode is traced out, have nonzero pairwise entanglement.
In this paper, we consider two types of witness operator for W states and propose how to implement those in practice for single-photon W states [20] . The first scheme, which requires only a single measurement setting without the need of a full state tomography, is shown to succeed in verifying genuine multipartite entanglement for the overall efficiency over 1 − 1/N , where N is the total number of modes. On the other hand, the second scheme with N + 1 measurement settings is shown to achieve success even at a lower efficiency than 1 − 1/N .
The proposed scheme in this paper is derived from the observation that the quantum fidelity of a given state ρ with respect to an entangled state |E = U |P is the same as the fidelity of the transformed state ρ ′ ≡ U † ρU with the product state |P . Here, the operation U is the entangling action on the product state |P to obtain the entangled state |E . Therefore, the fidelity measurement is alternatively achieved after the inverse unitary operation U † is performed on the state ρ. Note that a similar idea based on the time-reversed operations to demonstrate many-body quantum coherences has been well known in the nuclear magnetic resonance (NMR) community [21] . In particular, Lee and Khitrin recently used the time-reversed sequences of entangling operations, i.e. disentangling operation, to verify the 12-spin "Schrödinger-cat" state in [22] . This paper is organized as follows. In Sec. II, we briefly introduce the entanglement witness operator and specify it for the class of W states. In Sec. III, a general idea of measuring the quantum fidelity, which is essential for the implementation of witness operator, is presented and applied to the case of single-photon W states. In Sec. IV, the proposed scheme involving only a single measurement setting is analyzed with some experimental inefficiencies incorporated, and in particular, the optimization of the detection scheme for the case of asymmetrical W states is discussed. In Sec. V, an improved scheme with N + 1 measurement settings is presented along with a modified witness operator, and the critical efficiency for successful entanglement detection is shown to be significantly lowered than 1 − 1/N . Finally, the main results of this paper are summarized in Sec. VI.
II. ENTANGLEMENT WITNESS OPERATORS FOR W -CLASS STATES
In this section, we briefly introduce the entanglement witness operator to detect genuine multipartite entanglement and specify it for the class of N -partite W states. Suppose that one has produced a certain multipartite state ρ, presumably entangled and most likely mixed due to experimental imperfections, close to a target pure entangled state |Ψ . An witness operator W can then be constructed in a form
where the constant α is taken as the maximum possible overlap of a pure biseparable state |φ with the genuine multipartite entangled state |Ψ . Namely,
where B represents the set of biseparable states [10] . It is now straightforward to see tr{ρW} ≥ 0 for every biseparable state ρ = ρ BS so that only genuine multipartite entangled states can take a negative value over the witness operator W. This is generally true for mixed states due to the linearity of the witness operator and the convexity of separable states.
Although it seems very demanding to find out the value of α for a given state |Ψ through optimization in Eq. (3), Bourennane et al. identified the constant α with the maximum Schmidt coefficient of |Ψ with respect to all bipartite settings [10] . More concretely, in a fixed bipartition of all parties, say B (k) (k-th bipartition), one may choose an orthonormal product basis |ij , where |i and |j belong to the Hilbert spaces of two parties, respectively. Then, the target state |Ψ is represented in the same basis as |Ψ = Σ ij C (k) ij |ij and the maximum singular value λ (k) max of the matrix C (k) ij can be evaluated for the k-th bipartition. The same steps must be taken to obtain λ max for every possible bipartition and α corresponds to the maximum among those λ (k) max . Let us now consider the class of N -partite W states, which is represented by a form
Then, the constant α in Eq. (3) is evaluated as
where min{|c i | 2 } is the minimum among all |c i | 2 . Given the number of parties N , the constant α takes the smallest value 1 − 1/N for the class of symmetric W states (c i = 1/ √ N for all i), which may be thus less demanding to detect than asymmetric W states.
III. FIDELITY MEASUREMENT
In this section, we first present a general idea to implement the witness operator in experiment and then apply it to the class of single-photon W states. Once the constant α is identified in Eq. (3), the remaining task is to measure the fidelity between the reference state |Ψ and the state ρ in question, namely, Ψ|ρ|Ψ [23] , as the quantum average of the witness operator becomes tr{ρW} = α − Ψ|ρ|Ψ .
For the case of continuous variables, Kim et al. have proposed an experimental scheme to measure fidelity by mixing the two fields at a beam splitter and measuring the Wigner function of the output [24] . In particular, they considered homodyne detection to measure the fidelity of two Gaussian field states [25] . However, this approach, which needs the preparation of two states to compare, may not be suited to the case of witness operator: The reference state |Ψ in the witness operator is only a target and one shall have produced instead a mixed state ρ in reality. In other words, one has no reference state to compare with the subject ρ. In this paper, another method to experimentally evaluate the fidelity, which does not rely on the preparation of reference state and proceeds only with the state ρ, is proposed as follows.
In a number of cases, a many-body entangled state |Ψ can be generated from an initial product state |φ 1 |φ 2 · · · |φ N which subsequently undergoes some entangling unitary operations collectively represented by U . Namely,
Then, the fidelity of our concern can be expressed as
where
Consider the case that the initial product state is a collection of number states, i.e., |φ = |φ 1 |φ 2 · · · |φ N = |n 1 |n 2 · · · |n N . Given the multimode state ρ, the fidelity is then reduced to the photon counting distribution of the transformed state ρ ′ ≡ U † ρU . More precisely, the state ρ is first subjected to the inverse unitary operation U † to create a new state ρ ′ = U † ρU . Next, one measures the joint probability P n1n2···nN that the photo detector at mode i counts n i photons for the state ρ ′ , that is,
This probability corresponds to the fidelity of our concern. Let us apply the above idea to the case of singlephoton W states. An arbitrary N -partite W -state of the form in Eq. (4) can be prepared by injecting a single photon into an array of beam splitters as shown in Fig. 1 [14] . Namely, |W = U |1, 0, · · · , 0 , where the unitary operator U is a series of beam splitter actions,
where cos θ i (sin θ i ) denote the transmissivity (reflectivity) of the beam splitter [26] . The coefficients c i in Eq. (4) are then given by
at the output. If a phase shift is additionally carried out with the amount φ j at the j-th output mode, the coefficients becomec j = c j e −iφj (j = 1, · · · , N ). The above generation scheme suggests that the fidelity W |ρ|W = 1, 0, · · · , 0|U † ρU |1, 0, · · · , 0 can be measured by injecting a given state ρ to the series of beam splitter in reverse order to produce the state U † ρU and then measuring the counting probability P 10···0 that only the first detector counts one photon and the others no photons. 
IV. DETECTION OF MIXED W STATES IN AN OPTIMIZED SETTING
In this section, we analyze the detection of genuine multipartite entanglement of the W -state in Eq. (4) based on the scheme outlined in Sec. III. In particular, we take into account the experimental imperfections such as non-perfect single photon source and inefficient photo detectors.
Suppose that one creates a single photon source with a success probability p S represented by a mixed state ρ single = p S |1 1| + (1 − p S )|0 0| [27] , which is injected to the beam-splitter array in Fig. 1 . Then, the output state generated becomes
and one wishes to detect the genuine multipartite entanglement of this mixed state. When this output entangled state is subjected to the inverse array of beam splitters in the same configuration as the one used in its generation (Fig. 1) , the counting probability P 10···0 becomes ηp S , where η is the efficiency of the photo detectors. Now, the detection of genuine multipartite entanglement turns out to be a success under the condition
where the constant α is specified in Eq. (5). In particular, for the symmetric W states, the above condition reads as
in which the requirement of the overall efficiency, ηp S , becomes the least demanding.
In the above analysis, we have considered the same configuration of the beam splitters to generate and detect the multipartite W states. That is, the pure W state component of the actual state ρ in Eq. (12) is the same as the W state used as the reference in the witness operator W. On the other hand, for the case of the states ρ asymmetrical under permutations, one can try to optimize the detection scheme by adjusting the reference state as follows. Given the actual state ρ in Eq. (12), which is a mixture of the target state |W and the vacuum state, one may choose a different witness operator W ′ with other W state |W ′ in Eq. (2) as reference. Then the condition for the overall efficiency to detect genuine multipartite entanglement becomes
where α ′ is the constant for the state |W ′ in Eq. (3). Now, given the target state |W , it is desired to minimize the value 
For a fixed number of parties, N , however, one can readily show that the value of
The equality in Eq. (16) holds for the symmetric W states,
|0, · · · , 0, 1 . Therefore, in the present scheme, the overall efficiency ηp S must be greater than 1−1/N to detect genuine N -partite entanglement and the choice of symmetric W states is regarded as best from a practical point of view.
As a final remark, let us address the problem of local phase shifts that may occur in the multipartite state under test. Suppose that the prepared state is in a form
where φ i is the local phase shift of i-th mode. If these phases are completely unknown, we cannot figure out a single experiment setup appropriately, as our scheme relies on the inverse operation to disentangle a given state. Even though the given state is genuinely multipartiteentangled, the measured fidelity | W |W ′ | could be zero in the worst case. To resolve this issue, if it arises, one must place a phase-shifter at each mode in the detection scheme of Fig.1 (b) before each mode enters the array of beam-splitters. By covering the whole range of phaseshift at each mode, one can maximize the fidelity, which will lead to a success in entanglement detection. As the phase shifts are locally performed, this does not affect our judgment on the entanglement structure of the given state.
V. IMPROVED EXPERIMENTAL SCHEME WITH N + 1 MEASUREMENT SETTINGS
In this section, we discuss a possible improvement of the experimental condition by considering a modified witness operator. In Ref. [28] , Häffner et al. introduced the witness of the form
Note that the identity operator I 2 in Eq. (18) 
The optimal biseparable state |φ = |a |b for the maximum was identified as a form of |a = cos θ 1 |0, · · · , 0 k + sin θ 1 |W k and |b = cos θ 2 |0, · · · , 0 N −k + sin θ 2 |W N −k , respectively, for a fixed bipartition of {k, N − k} modes [28] . Therefore, α can be numerically evaluated by optimizing the expectation value over the parameters θ 1 , θ 2 and k for a fixed value of β. To implement the modified witness operator W ′ in experiment, given a certain state ρ, we need to measure tr{ρI 2 } and BS i |ρ|BS i (i = 1, · · · , N ) in addition to W N |ρ|W N . The ensemble average tr{ρI 2 } is simply the probability that the total quanta is at most two, which can be measured in the same experimental setup as Fig.1 (b) with no extra efforts. In fact, it does not make a significant difference in our case if we take I (entire identity operator), instead of I 2 , for the witness W ′ in Eq. (18) . On the other hand, the fidelity BS i |ρ|BS i can be measured in a similar setup to the one in Fig.1 (b) by injecting i-th mode directly to the photo detector and the other modes to the inverse beam-splitter array of the N − 1 mode W -state |W N −1 . Therefore, a total of N + 1 measurement settings are required to implement the witness operator W ′ .
Let us now consider the detection of symmetric W states using the witness W ′ . With the same experimental imperfections characterized by η and p S as in Sec. IV, we obtain tr{ρ
Therefore, the detection of genuine multipartite entanglement is a success for the efficiency ηp S > α 1−(N −1)β . As the constant α is given by the maximization procedure outlined above for a fixed β, one can finally obtain the improved experimental condition by minimizing the fraction e c ≡ α 1−(N −1)β over the parameter β. We numerically checked that this fraction decreases as (N − 1)β → 1 for a given number N . The result is plotted as a function of N with the value of (N − 1)β = 1 − 10 −3 in Fig. 2 . As clearly seen, the previous critical value of 1 − 1/N is significantly reduced in the modified scheme. For instance, when N = 3, the improved condition becomes e c ≈ 0.515 < ηp S for 2β = 1 − 10 −3 and α ≈ 5.15 × 10 −4 .
VI. SUMMARY
In this paper, the approach based on the witness operator was considered to detect genuine multipartite entanglement for the single-photon N -partite W states. In particular, the experimental schemes using the photo detectors and the beam splitters were proposed to implement two different types of witness operator. In the first scheme involving only a single measurement setting, the threshold overall efficiency was found to be 1−1/N for the symmetrical mixed W states, which therefore becomes increasingly hard with the number of parties N . On the other hand, in the second scheme involving a total of N + 1 measurement settings, an improved condition was obtained with a significantly lowered critical efficiency.
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